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Dispersive Maxwell
equations




Photonic Crystals

® Periodic lattice composed of dielectric or metallic materials

® |f we design a three-dimensional photonic crystal appropriately,
there appears a frequency range where no electromagnetic
eigenmode exists. Frequency ranges of this kind are called
photonic band gaps.

® Light waves can be reflected, trapped, transported in photonic
crystals.
8(r)={

® Governing equation:

VxVxE(r)=w’e(r)E()

g, Inmaterial doman
£, Otherwise




Maxwell’s Equations for dispersive isotropic material &%

X

VxVXE(r)=w?e(r,w)E(r)

E(r) denotes the electric field at position r e R®

® ¢g(r,m) denotes the permittivity, which is dependent on
the position r and the frequency w

Drude model
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Bloch Theorem

® We are interested in finding E satisfying the quasi-periodic

condition ..
E(r+a,)=€e"""E(r), /=123

a,,a,,a,are the lattice translation vectors, k is a wave vector.

® Simple cubic (SC)

ag=al0 1 0],

pairwise angles
formed by these
vectors are 60 degree

Figures taken from Chern, Chang, Chang, Hwang, 2004



Finite difference Yee’s
scheme
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Curl operator © % W e
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_8_y = 0 ,j
Central edge points

VxH(r)=w’e(r,w)E(r) = C'h=w’B(w)e

Central face points
VXE(r)=H(r) = Ce=h

where
B - (i.j!f.i-)“/i;;é: GELIE
0 -C G L N
C= C3 0 _Cl € C3nX3n \’:)/
_Cz Cl 0 _
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Finite Diff. Assoc. with Quasi-Periodic Cond. @%Zg
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Finite Diff. Assoc. with Quasi-Periodic Cond. &%

E(r +a,) = € “*E(r)
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Finite Diff. Assoc. with Quasi-Periodic Cond. @%Zg

-+ ! ® For SC lattice
el v o
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1 < 1 ® For SC lattice
K, =z - e C™™,
5x -1 1 JZ = Inl’ ‘J3 - Inln2
I el27£k~a1 -1 |
B _ -
. - ® For FCC lattice
K2 = ¥ ' _I . | = C(nlnz)x(nlnz)’
9, no
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i n . \]2 _ /2 e Cw™
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e|27tk-a3J3 _I o, ] 5”2 |
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VXVXE([)=w’e(r,0)E(r)

Resulting nonlinear eigenvalue problem

F(w)X = (C*C — a)ZB(a)))x = (A— a)ZB(a)))x =0

with
B(w) =¢,B, +&(w)B,

where B, and B, are diagonal, B +B, =1

2
1- ——=——, inmateria domain
e(r,m) =+ o +1I' @
&, otherwise
2 |¢j e—|¢j
g — +) Q. + . inmaterial domain
e(r,w)=- +|F N R Q -w-1I' Q +o+IT,
& otherwise

11
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VXVXE([)=w’e(r,0)E(r)

® Resulting nonlinear eigenvalue problem

F(w)Xx = (C*C - a)ZB(a)))x = (A— a)ZB(a)))x =0
with

B(w) = ¢,B, 1 £(0)B;
where B, and B, are diagonal, B +B, =1

2
1- ————, | inmaterial domain
e(r,m)=- o +1I' o
o otherwise
2 |¢j e—|¢j
g — +) Q. + in material domain
e(r,w)=- +|F N R Q -w-1I' Q +w+IT,
&, otherwise
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Eigen-decomp. of C4, C,, C; for SC lattice @5

® Define
D, = dlag(L gham ... e(””)ga’”‘)
1 1 1
em,l 0m,2 v .
U = e. e. 1 cCmm Ham:IZﬂ'k a o :I2_7Z'I
: : : ’ m ’ m
] e(m_l)em,l e(m_l)em,Z Ve 1 |

® Define unitary matrix T as

T= %(Da&ng ® Daz,nz ® Dal’”l)(UnS ®Un2 ®Un1)

Then 1t holds that

CT=TA, CT=TA, CJT=TA,
12



® Define "”X:m:ai’ D, = diag(L ",
e
v = a5 o i)
Xi = DxUnl(:’i)’ yi,j = Dy,iUnZ(:’j)
® Define unitary matrix T as
. 1 nxn — nx(Nn,ng
T=r| T T, e T, €T TE| T T, e T, [eCme,
T :(Dz,i+jUn3)®(yi,j ®Xi)

Then it holds that
CT=TA, CT=TA, CT=TA,

13



- Eilgen-decomposition

® Eigen-decomposition of A:

| @ Q |A[ @ Q |=diag(0.A,.A,)=diag(0.)
where _
1_[O,l

| Q Q |=(1.eT) W, m |=(1,eT) m,
H0,3

11 1,2

|—\
N

I1
I1
I1

==

1,6

15 \

IS unitary and A, =A;A, + A A, + AjA,

® F(w) has n zero eigenvalues and no eigenvalue
at infinity

F(o)x=(A-0’B(@))x =0

14



~ Numerical Challenging
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~ Numerical Challenging
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~ Numerical Challenging
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~ Numerical Challenging

imaginary part
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The eigenvalues with smallest
positive real part are of interest
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~ Numerical Challenging
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~ Numerical Challenging
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® How to efficiently solve NLEVP
® How to tackle the effect of huge zero eigenvalues

® How to compute clustering eigenvalues

The eigenvalues with smallest
positive real part are of interest
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Flow chart of our proposed method

' AX = 0°B(w)X = 0B(w)x

A ﬁ(a)) — a)—l Find the sal. ., of
\ / -
- \ f(@)-ow™"=0
o B(w)x = 0 *Ax = B(w)AX |

- Given w,

o Solve B(w, )x = B(w, )Ax |

~ Newton's method | eigenpair (w,,X,)

- ( WDy =0 — (IB(wk) i wlzz)_l (ﬁ(wk)_ w‘zl) ‘
. Deflate (w,,x,)

( AX = wB(w)x |

16



Non-equivalence
deflated method for

F(w)X = (A— a)ZB(a)))x =0



Deflation

F(o)x=(A-0’B(@))x =

o Let MMty

ml mz m,

aﬂd X:|: Xl X2 Xg :|’ X*X: Im, Xj E(CSnxmj

® Define non-equivalence deflated NLEVP as

-0:4» & 04:
F(w)x —[F(a))H£I oo XX n I B
j V . & |

{o|F(@)x=0,x0] S
={w|F(o)x=0,x=0}\{ 1, -, 4,

M, - elgenvalues of F(w)

X
o
A

imag y part

® Theorem:

...”u(,---”ug}u{oo}

Furthermore, if (4,x) is an eigenpair of F(w), then (&,X) is
an eigenpair of F(w) with

/
X = | — X X X
11, )

=1 18



If(a)):(lz(a))ﬁ( @ | ijr))

| —
o U

J
Using the fact that X’X =1_, we obtain
/ W , "
B X =1 = Xi=| — XD X*
g[l w_:”jxjxjj | ;a)_/'ljxjxj | —wXD(w)X,

where
D() = diag((@— () My (@ 1) My (@ )7 )

19



~ B / B a) *
F(a))—[F(a))H[I P X, X; n

F(w)= A-0°B(w)

Using the fact that X’X =1_, we obtain
4 W ’ o

B X =1 = Xi=| — X*

g[l O — H; XJXJ) | Jz:{a)—/lj XX =1 —oXD(@)X,

where
D(w) = diag((@— 1) (@ = 1) M (@ - 1), )
Reformulate F(w) as
F(w) = A- 0| B(®)+(A- ©°B(w))XD(@)X" |

19



~ _ ! B 0, .
F(a))—[F(a))H[I P X. X n

F(w)= A-— 0°B(o)

Using the fact that X" X =1_, we obtain

m!

f @ o, v @ . _ :
H[|—w .xjxj]_l—z XX =1 -oXD(w)X,

j=1 —H j=1 O~ [
where
D(w) = diag((@— 1) (@ = 1) M (@ - 1), )
Reformulate F(w) as
F(w) = A- 0| B(®)+(A- ©°B(w))XD(@)X" |

Define r
wB(w) for F(w),

wB(w)+ (A-0’B(w))XD(w)X* for F(w)
Then, these two NLEVP can be represented as the general form

AX = wB(w)x. .

B(w) =




' AX = 0?B(w)X = wB(w)X |
\‘./ ﬁ(a)) — a)—l

> ('I_5>(a))x =0 AX = [(w)AX

- Glven w,

- Deflate (w,x)

. AX=0B0)X |

B(w) = wB(w) +] (A- 0*B(w))X | D(@) X’ Hu: 20



Null-space free method
for

B(w,)Ax = B(w,)x



- Huge zero eigenvalues

@ 0 TA[ Q Q |=diag(0,A,.A,)=diag(0.A)

Ax = B(@,) " B(w,)x = 1 B(w,)

S—-

( n zero eigenvalues )
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" Null-space free method
® Theorem: Q*'AQ iA
span(l%(a)k)‘lQA”Z) = span{x | AX = AB(@, )X, A # O}

and
{ 1% 0|Ax = AB(w,)x | ={ 1| A"*Q"B(w,)QA"u = Aul
® Null-space free SEP

AX = AB(w,)x == K(w,)u=(A"Q B(w,) QA" |u=Au

® Dim. of GEP and SEP are 3n and 2n, respectively

o3
4x10~

® GEP and SEP have same 2n nonzero eigenvalues. * f’

3+

SEP has no zero eigenvalues 25 e

2l
15

1
0.5

I & N T
<“.6;:‘
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®

I & 1
o} o ]
-0.5 / -

-1 .

-2 0 2 8 10
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Jacobi-Davidson method for K(w, )u=Au

| GivenV withV'V =1 _

dk
\ /

b Solve (V'K (w,)V)z= Az

d bk
\ /

~ (6,u=Vz): Ritzpar, r=K(w)u-6u

dk
\ /

- Solve(l —uu’)(K(w,)-01)(I —uu™)t=-r, tLlu

dk
\ /

b | v=_>1-WNHt, V=[V,v/lvl,]

24



Jacobi-Davidson method for K(w, )u=Au

( GivenV with V'V =1
K (@ v =(A"Q B(w,) "QA™)v

\ /

— Solve (V'K (@, )V)z = 1z

d k
\ /

( (0,u=Vz): Ritzpar, r= K(w,)u-6u

\ /

 Solve(l —uu)(K(w,)-01)(I —uu™)t=-r, tLu

d k
\ /

L/ v=>1-WH", V=[V,v/lIvl,]

24



Efficient computation k(w,)v=(A"QB(w,)"QA")v

® |t is required to compute Q'p, Qg, and B(w)™d for
given vectors p,q,d

25



Efficient computation k(w,)v=(A"QB(w,)"QA")v

® Itis required to compute Q'p, Qq, and B(w)d for
given vectors p,q,d - }

® For computing Q'p and Qqg, the matrix Q itself
does not need to be formed explicitly because the
matrix-vector products T'p and Tq can be
evaluated by the fast Fourier transform efficiently

Q=(1,®T)| -

25



Efficient computation k(w,)v=(A"QB(w,)"QA")v

It is required to compute Q’ p, Qd, and B(w)d for
given vectors p,q,d - }

For computing Q'p and Qqg, the matrix Q itself
does not need to be formed explicitly because the
matrix-vector products T'p and Tq can be
evaluated by the fast Fourier transform efficiently

Q=(1,®T)| -

For computing B(w)™d, represent B(w) as =
B(w) = wB(w)+Y(®)X", Y(®)=(A-w’B(w))XD(w)

- B(w)" = 60_15(60)_1{ | -Y(@)(@! +X"B@) Y (@) X*B(w)_l}

25



- CPU Times for T*p and Tq with FCC

MATLAB

T*p : fit

CPU times (sec.)

26



Jacobi-Davidson method for K(w, )u=Au

¢ Given V with V'V =1 _

\ /

e Solve (V'K(w,)V)z = 1z ‘

\ /

( (6,u=Vz): Ritzpair, r = K(w,)u—6u

\ /

" Solve (I —uu)(K(@,)=61)(I —uu)t=—r, tLlu

\/

S—— v=(-WHt, V=[V,v/lvl,]

27



Solving correction equation

» In solving correction equation
(1—uu’)(K(@)-6n)(1—uu’)t=-r, tLlu
we need to solve a preconditioning linear system
(I —uu*)I\/IK(I —uu*)z:d, zlu

u'M_d
u"Mu

O z=MJd+nMu with n=—

with M being the preconditioner of K(w,)-01 .

28



~ Preconditioner M,

K(w,)-0l = A"Q"B(w,) "QA"* -0l

B(w)™ U(®,) = 0,'A"Q"B(w,) " (A- 0;B(®,)) X

= a)‘lB(a))‘l{ | —Y(a))(a)l + X*B(a))‘lY(a)))_l x*B(w)-l} Viw) = [wilx*B(wk)_lQAw T
Y(w,) = D(wk)_l + wLZlX*B(wk)_l(A_ G)E B(w,)) X

29



Preconditioner M,
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Preconditioner M,

K(w,)-61 = AYQ'B(w,) "QA"* -0l

B(w)™ U(®,) = 0,'A"Q"B(w,) " (A- 0;B(®,)) X

= w-ls(w)-l{ | —Y(a))(a)l + X*B(a))‘lY(a)))_l X*B(w)‘l} Viw) = [wilx*B(wk)_lQAw T
Y(w,) = D(wk)_l + wE1X*B(wk)_1(A_ G)E B(w,)) X

K(w,)- 61 =(A"Q" (0,'B(@,) " )QA" - 61 ) - U () ¥ (0,) 'V (@, )’

o, = wlle(wk)_l *

Mg = (AHZQ* (01 )QA™ -6 ) -U(0)¥ (@) V(o) =Q-U(®,)¥ (@) V(o)

* z=M_d+nM_u

M = 0 1 +U(0)(#(0) V(o) 2U,) V(o) o]

————

29




- Efficiency of preconditioner M,
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(1-uu)(K(@)-on)(1 —uu’)t=—-r, tLu 8 40l . ,
Dimension = 1,769,472 8% .
20 : :
4 6 10

~ (00)
o o

(o)}
o

D
o

w
(@

Average iteration number of bicgstabl
(o)
o

N
o

i-th eigenvalue

ew)=¢_ -

2 2
) e
+ E QA
2

+
w—ll“j Qj +w+|1“j

19,

4 6
i-th eigenvalue

10



| AX = 0°B(0)X = 0B(w)X |
© B)=w™

2 ( B(w)x = o 'Ax = ,B(a))Axw

- Given w,

pre— (SOIVG B(w,)x = B, )AX

~ Newton's method | eigenpair (w,X)

- (a)k+1 -, — (IB(a)k) i wlzz)_l (ﬁ(wk) B w‘zl) l
. Deflate (w,x)

¢ AX = wB(w)x \l

31



_COmPUting ﬁ,(a)) K(a)k)u=,3‘1(a)k)u

Let u(w) and v(w) with v (w)u(w) =1 be the right and
the left eigenvectors of K(w)™, respectively,
corresponding to the eigenvalue S(w)

K@) u(w) = f(w)u(w), v (0)K(@)" =BV (o)
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- Computing 5 (o) ()0 = 8o

Let u(w) and v(w) with v (w)u(w) =1 be the right and
the left eigenvectors of K(w)™, respectively,
corresponding to the eigenvalue S(w)

K(w) u(@) = B(w)u(®), V' (0)K(@)" =)V (o)
! V' (ou(w) =1
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Let u(w) and v(w) with v (w)u(w) =1 be the right and
the left eigenvectors of K(w)™, respectively,
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- Computing 5 (o) ()0 = 8o

Let u(w) and v(w) with v (w)u(w) =1 be the right and
the left eigenvectors of K(w)™, respectively,
corresponding to the eigenvalue S(w)

K(w) u(w) = Blo)u(w), V' (0)K(w)" =)V (o)
! Viou(w)=1 @ v'(e)u(@)+Vv (e)ul@) =0
B(w) = V' (0)K (@) u(w)

K(w)K(w)™ =1
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_COmPUting ﬁ,(a)) K(a)k)u=,3‘1(a)k)u

Let u(w) and v(w) with v (w)u(w) =1 be the right and
the left eigenvectors of K(w)™, respectively,
corresponding to the eigenvalue S(w)

K(w) u(w) = f(@)u(®), v (0)K(@)" =)V (o)
! V' (ou(w) =1 " vi(w) u(@)+ Vv (u(w) =0

B(@) = V' (@)K (0) u(w)
K@K@)* =1 = (K@) =-K@) K@) K@)™

32



__ComPUting ﬁ (a)) K (e )u = B o )u

Let u(w) and v(w) with v (w)u(w) =1 be the right and
the left eigenvectors of K(w)™, respectively,
corresponding to the eigenvalue S(w)

K(w) u(w) = Blo)u(w), V' (0)K(w)" =)V (o)
! Viou(w)=1 @ v'(e)u(@)+Vv (e)ul@) =0
B(w) = V' (0)K (@) u(w)

K@K(@) =1 @ (K@)") =-K(@) K@) K@)
Using these three results, we can derive

B (@) = B(@)* V' (0)A"Q"B(@) " B(w) B(w) 'QA™ u(w)
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Benchmark problems

® Face-centered cubic (FCC) lattice

® Matrix dimension = 3 * 963 = 2,654,208

® Using MATLAB function bicgstabl with stopping
tolerance 1.0e-3 to solve correction eqguation

ew)=¢_ - +

2 ¢ e¢
a)+|Fa) 21‘ Q-0-1I', Q +to+Il,

J

Eigenvalue

Band structure diagram for Drude model Band structure diagram for Drude- 34
Lorentz model



Total iteration of JD

| Ax=0B(@)x = 0B@)x_
| B@)=o™
s Bo)x = 0 A= B@)AX
1 Given o,
:i Solve K(w, )u = Au )
., Newton's method
Hou=0-(f)r0]) (fw)-o)

Deflate eigenpair (w, X)

AX = wB(w)x )

—{

Dimension = 1,769,472

> #D(K (@)

19

18
Q17¢}
=

Total iteration number of
e -k —t -t — -t —
(@] — N w S (é)] (o))

©

(] o °

o

24

nNo

oe] -}

4 6
i-th eigenvalue

10

22

Total iteration number of JD
(o))

10+

20} (@)=, ———2

w?*+1T o

2 e'¢j e—'¢j
+ZQjAj Q —w-1I +Q +@+1T |
=1 j j j j

4 6 8 10
i-th eigenvalue



~

(Ax = w’B(w)x = wB(w)Xx |

Y ﬁ(w) = w_l 0>
> (Lsa(a))x = AX = ,B(a))Ax*l

(o]
T

()]
T

e(w)=1- P
(@) a)2+|Fpa)

B
T

w
T

1 Given o,

Iteration number of Newton-type method
N

—4\( Solve K(w )u=Au |

p—_

—L
T

. Newton's method

U L w
, o\-1 B
L(C"kﬂ:wk_(ﬁ (wk)+wk2) (ﬁ(wk)_wkl) |
"' Deflate eigenpair (@, x) B [ *
g | 1
. Ax=oB)x 2 |11 e
® Only 3 to 7 iterations are needed for S pedmmt mumd 8wy ain BB
computing each eigenvalue g“ R g‘;’é"‘ w ® |
2 | | = |
® The average ranges from 3.6 t0 5.2 5 l { n =
for all benchmark problems. - |
[} 1 [ = ‘
; o | l '
® Quadratic convergence of Newton- 5 i | ; 36
<45 * ‘ |
X U L G X W K

type method




Clustering eigenvalues



Eigenvalue

:, ot .'
x
1%" J
X
ﬂx

X X X
;?:‘ W &
X

3 (e 7%,

-
|
|
|

X
x
* |
B xx
X
|

Y

|

W K

,_
)
.
L
X
x

Drude model

Drude-Lorentz model

K7
M8
H9
K10
11
12
H13
H14

1.352760915 — 2.15717754 x 104
1.352771023 — 2.15790978 x 10~4
1.352771589 — 2.15790991 x 10—4
1.352774278 — 2.15790186 x 104
1.354710739 — 2.15785421 x 104
1.354711852 — 2.15790561 x 104
1.354711871 — 2.15790691 x 10—4

()
(]
(]
(]
(]
(]
7
1.354711899 — 2.15790684 x 10~ %

1.326911260 — 2.11350594 x 102
1.326915939 — 2.11375183 x 1073
1.326916471 — 2.11375357 x 103
1.326919090 — 2.11375510 x 1073
1.328746727 — 2.11897302 x 1073
1.328747433 — 2.11899196 x 103
1.328747439 — 2.11899260 x 103
1.328747467 — 2.11899263 x 103

(4
(}
(}
(}
(4
(}
(4
(4

TABLE 6.1
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~ Clustering eigenvalues

® Convergence is heavily dependent
on the choice of the initial value o{”

® [t is important to provide a good initial
value to guarantee convergence

X
1%‘, g
X
ﬂx

Eigenvalue

oo el | I
L% ® Switch to solve a new approximate
x """‘<I eigenpair of NLEVP roughly by nonlinear
el e o W *, Arnoldi method
X U L G I x  w «
Drude model Drude-Lorentz model

pr  1.352760915 — 2.15717754 x 10~%  1.326911260 — 2.11350594 x 102
ps  1.352771023 — 2.15790978 x 10™%2  1.326915939 — 2.11375183 x 10732
po  1.352771589 — 2.15790991 x 10™%  1.326916471 — 2.11375357 x 1032
pio  1.352774278 — 2.15790186 x 10™%2  1.326919090 — 2.11375510 x 10~32
pir 1.354710739 — 2.15785421 x 10~%2  1.328746727 — 2.11897302 x 1032
piz  1.354711852 — 2.15790561 x 10~%2  1.328747433 — 2.11899196 x 1032
piz 1.354711871 — 2.15790691 x 10~%2  1.328747439 — 2.11899260 x 10~32

? ?

pia 1.354711899 — 2.15790684 x 10~%2  1.328747467 — 2.11899263 x 103

TABLE 6.1

38



_Inttial data

AX = 0°B(w)X = wB(w)X

| @)=
> é(a))x = tAX = ,B(CO)AX Nonlinear Arnoldi method
Given w, « © Ax=0°Blw)x

b

Solve K(w,)u = Au

", Newton's method

{ ou=0-(F©)r07) (B)-o.)

', Deflate eigenpair (@, X)

Ax = wB(w)X

39



_Nonlinear Arnoldi method (NAr) &

| GivenV with V'V =1

- AX = w°B(w)x

= Solve V' (A—w’B(w))Vz=0

dk
\ /

(@,x =VZz): Ritz pair

\ /

y

' Solve (A—0?B(0))V = (A-—@°B(@))X=r

\ /

b v=(1 =WV V=V VL]
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_Nonlinear Arnoldi method (NAr) &

: GivenV with V'V = I |

¢ AX = w°B(w)x

b Solve V' (A—w’B(w))Vz=0

\ /

: (@,x=VZ): Ritz pair

\ /

Solve (A—2B(O))V = (A-@*B@)x=r | M =A—1l

. Solve (C'C—71)y =d

- — ( V = (| —VV*)\7,V = [V,V/ "Vllz]

40



Solving preconditioning linear system

F
%Y

(C'C-1l)y=d

41



Solving preconditioning linear system @=#

(C'C-1l)y=d

G=[C/,C/,C/T c'c=1,8(G'G)-GG'

0 -c, C, |
c=| ¢, 0 -c
c, ¢, 0

41



Solving preconditioning linear system @=#

(C'C-1l)y=d

G=[C/,C/,C/T * c'c=1,8(G'G)-GG'

{1,8(G'G)-7I}y=d+GG'y

0 -c, C, |
c=| ¢, 0 -c
c, ¢, 0

41



Solving preconditioning linear system @=#

(C'C-1l)y=d

G=[C/,C/,C/T * c'c=1,8(G'G)-GG'

{1,8(G'G)-7I}y=d+GG'y

0 -c, C, |

o I CG=0 GGy =-77'GG'd

C, C, O

41



Solving preconditioning linear system @=#

(C'C-1l)y=d

G=[C/,C/,C/T * c'c=1,8(G'G)-GG'

{1,8(G'G)-7I}y=d+GG'y

0 -c, C, |

o I CG=0 & GG'y =-77'GG'd

C, C, O

{1,0(G'G)-7l}y=d-7'GG'd

41



Solving preconditioning linear system gfgg

(C'C-1l)y=d

G=[C,/,C,,C,]' * c'c=1,8(G'G)-GG'

{1,8(G'G)-7I}y=d+GG'y

0 -c, C, |
c=| C, 0 -C — ko .
2 g o 87U * GG’y =—717'GG"d
{1,0(G'G)-7l}y=d-7'GG'd
Ag = ApA+ AN, + AGA, CT=TA, CT=TA, CJT=TA,

41



Solving preconditioning linear system @&

(C'C-1l)y=d

G=[C,/,C,,C,]' * c'c=1,8(G'G)-GG'

{I3®(G*G)—Tl}y:d+GG*y

0 -C, G,
N I = GGy =-17'GG'd
{1,0(G'G)-1l}y=d-7'GG'd
A AA +AA +AA CT=TA, CT=TA,, C,T=TA,
/ A,
(@A, -7l )y=|1-77 A, A A, A, (| ®T)d, y=(1,®T)y

A

\ 3 ) 41




Efficiency of preconditioner

Dimension = 2,654,208

100

90 bicgstabl

80 M=A-c°a,l

o)
L
n
S 70t
> 60} o ©
)
= (A—O'ZB(O'))V =
= 50 [~ o
- e
g 407
© ®
3 30+

20 + %

O
10 ] ] ] ] 1
0 0.2 04 0.6 0.8 1 1.2

shift value
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Number of using NAr

N
()

N

-
(6)]

—

o
3

4/7X+3/7U 4/7U+3/7L

4/7L 3/7X

4/7X+3/7TW 4/7TW+3/7K

Eigenvalue

05¢}

xx x xx
Yson X X xxx
Yok, w¥X

G

>< !

lteration number of Newton-type method

(0]

~

(o)}

(63}

N

w

\V]

—

0
4/7X+3/7U 4/7U+3/7L

e(w)

K(w)u=Au, fork=1,...,m

=1

2

@,

W’ + r @

4/7L

3/7X

4/7X+3/7TW 4/7W+3/7K
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w o
[ IS (3]

w

Number of using NAr

o
(3

I
!
!
!
!
|
i
i
g
|
i
!
:
|
!
:
|
!
!
!
|
i

o i et i k. i et i ™ sl it S e, e i a0 i e i 0

0
4/7X+3/7U 4/7U+3/7L

4/7L

3/7X

4/7X+3/7TW 4/7TW+3/7K

lteration number of Newton-type method

©o

oo

~

(o)}

($)

H

w

N

—t

0
4/7X+3/7U 4/7U+3/7L  4/7L 37X 4/7X+3/7TW 4/7TW+3/7K

2 2 10 —1¢;
@ e e
———= _+¥Y0A "
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- Conclusion

Solving the nonlinear eigenvalue problem (NLEVP) arising from Yee's
discretization of a three-dimensional dispersive metallic photonic crystal is a
computational challenge.

We have proposed a Newton-type method to compute one desired eigenpair
of the NLEVP at a time.

Once the desired eigenvalue is converged, it is then transformed to infinity by
the proposed non-equivalence deflation scheme, while all other eigenvalues
remain unchanged. The next successive eigenvalue thus becomes the
smallest nonzero real part eigenvalue of the transformed NLEVP which is
then again solved by the Newton-type method.

In order to compute the clustering eigenvalues of the NLEVP, we propose a
hybrid method by using the Jacobi-Davidson to solve the standard eigenvalue
problems in the Newton-type method and the NAr to compute the initial data.

The numerical results demonstrate that our proposed method is robust for
solving both of well-separated and clustering eigenvalues of the NLEVP for

the Drude and Drude-Lorentz models. -
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Thank you.
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Wave vector k  Er+a)=e¥*E(r)
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Brillouin zone for the lattice N ANAL
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to solve




Wave vector k  Er+a)=e¥*E(r)

® Compute the band structure along the |rredu0|ble
Brillouin zone for the lattice N ANAL

o FCC

—-U=—

|}
O r Nk
]
i
Or Nk
]
N
)
1
O Mlwdhlw
]

N e
J
—
I
NI NIk N
J
®
1
o
1
J
pod
J
=
I

1.5

® Eigenvalue problem
depends on wave vector k

VxVxE()=w’e(r,o)E(r)

® A sequence of EVP need
to solve




Wave vector k  Er+a)=e¥*E(r)

® Compute the band structure along the |rredu0|ble
Brillouin zone for the lattice N ANAL

o FCC

—-U=—

|}
O r Nk
]
i
Or Nk
]
N
)
1
O Mlwdhlw
]

N e
J
—
I
NI NIk N
J
®
1
o
1
J
pod
J
=
I

1.5

® Eigenvalue problem
depends on wave vector k

VxVxE()=w’e(r,o)E(r)

® A sequence of EVP need
to solve




Wave vector k  Er+a)=e¥*E(r)

® Compute the band structure along the |rredu0|ble
Brillouin zone for the lattice N ANAL

o FCC

—-U=—

|}
O r Nk
]
i
Or Nk
]
N
)
1
O Mlwdhlw
]

N e
J
—
I
NI NIk N
J
®
1
o
1
J
pod
J
=
I

® Eigenvalue problem
depends on wave vector k

VxVxE()=w’e(r,o)E(r)

® A sequence of EVP need
to solve




Wave vector k  Er+a)=e¥*E(r)

® Compute the band structure along the |rredu0|ble
Brillouin zone for the lattice N ANAL

o FCC

—-U=—

|}
O r Nk
]
i
Or Nk
]
N
)
1
O Mlwdhlw
]

N e
J
—
I
NI NIk N
J
®
1
o
1
J
pod
J
=
I

1.5

® Eigenvalue problem
depends on wave vector k

VxVxE()=w’e(r,o)E(r)

® A sequence of EVP need
to solve




Wave vector k  Er+a)=e¥*E(r)

® Compute the band structure along the |rredu0|ble
Brillouin zone for the lattice N ANAL

o FCC

—-U=—

|}
O r Nk
]
i
Or Nk
]
N
)
1
O Mlwdhlw
]

N e
J
—
I
NI NIk N
J
®
1
o
1
J
pod
J
=
I

1.5

® Eigenvalue problem
depends on wave vector k

VxVxE()=w’e(r,o)E(r)

® A sequence of EVP need
to solve




Wave vector k  Er+a)=e¥*E(r)

® Compute the band structure along the |rredu0|ble
Brillouin zone for the lattice N ANAL

o FCC

—-U=—

|}
O r Nk
]
i
Or Nk
]
N
)
1
O Mlwdhlw
]

N e
J
—
I
NI NIk N
J
®
1
o
1
J
pod
J
=
I

1.5

® Eigenvalue problem
depends on wave vector k

VxVxE()=w’e(r,o)E(r)

® A sequence of EVP need
to solve




Wave vector k  Er+a)=e¥*E(r)

® Compute the band structure along the |rredu0|ble
Brillouin zone for the lattice N ANAL

o FCC

—-U=—

|}
O r Nk
]
i
Or Nk
]
N
)
1
O Mlwdhlw
]

0 2
—-G=| 0 [ X->W=— id

N e
—
I

NI NI NP

® Eigenvalue problem
depends on wave vector k

VxVxE()=w’e(r,o)E(r)

® A sequence of EVP need
to solve




Nonlinear Jacobi-Davidson method (NJD) %‘%

For a given search subspace V, let (@,z) be an eigenpair of
V' (A-w’B(w))Vz=0
and let x =Vz be the associated Ritz vector

The new search direction v Is chosen as

{|  (20B(@) +a325’(a3))>’2>’2~](A_@ZB(@»(I ) ):(i]v o vig

X (20B(®) + @*B (@)X X X
where o Is a given shift value. We employ a preconditioner
~ ~ ~ D~ ~ ~ ~% ~ ~
M, =| | - BOB@FYOTBLONX |\ 2 [ - XX
X (20B(@) + @°B (@))x X X
After re-orthogonalizing v against V, the vector is appended

to V and one repeats this process until (@,x) converges to the
desired eigenpair.
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- Definitions

Represent F(w) as
F(w) = P(w) + R(w)

where P(w) Is a polynomial matrix of degree r and R(w)
IS a rational polynomial matrix with entries being proper
rational polynomial.
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- Definitions

Represent F(w) as
F(w) = P(w) + R(w)

where P(w) Is a polynomial matrix of degree r and R(w)
IS a rational polynomial matrix with entries being proper
rational polynomial.

If o, € C and nonzero vector X satisfy
det(F(w,)) =0, F(w,)x=0
then (w,,X) is called an eigenpair of F(w)
F(w) has an eigenvalue at infinity with eigenvector X if
Iimdet(o F(w))=0, lim(o F(w))x=0

W—>° W—>o0

93



F (o)X = [F(w)ﬁ(l - X, xrni

w—U

Theorem
{@|F(w)x=0,x#0}
:{a)‘F(a))X:O,Xi()}\{Hl’...’ul’...,/’lw...’uf}U{oo}
Furthermore, if (u,x) is an eigenpair of F(w), then (i,x)

IS an eigenpair of F(w) with

!
x:]"[(| —_ xjx;k)i

j=1 H_Hj

Remark: The orthonormal matrix X can be
constructed by the convergent eigenvectors with using

re-orthogonalization -



Non-equivalence deflated algorithm

1: Set X = [] and é(w) - wB(w). (/11’)(1)’---1(/~le£)

2. ford=1,...,/do
3:  Compute the desired eigenvalue/eigenvector pair (4, x4) Of
Ax = wB(w)x;

o)

% Retrieve the eigenvector of Ar = w?B(w)z
fori=1,...,d—1do

Compute xg = (I - m’f“—uxx) X4
end for

o)

% Compute the orthonormal matrix X from the
convergent eilgenvectors

9: Set x4 = x4; Orthogonalize x; against X and normalize x4;

10: Expand X = [ X, X4];

058 & O s

i i L % Create the coefficient matrix of the new deflated
nonlinear eigenvalue problem
12:  Set

~

B(w) = wB(w) + (A — w?’B(w)) X D(w)X*,

where D(w) = diag ((w — p1)~ %+, (W — pa)~1);
13: end for 57



Non-equivalence deflated algorithm gf,g?g

(X )oeees (K1 X,)

1: Set X =[] and B(w) = wB(w). e o

2. ford=1,...,/do

3: Compute the desiree
Ax = wB(w)x;

o)

% Retrieve the eigenvector of Ar = w?B(w)z
fori=1,...,d—1do

Compute xg = (I - m’ﬁ“—uxx) X4
end for

o)

% Compute the orthonormal matrix X from the
convergent eilgenvectors

9: Set x4 = x4; Orthogonalize x; against X and normalize x4;

10: Expand X = [ X, X4];

rgenvalue/eigenvector pair (uq, xg) of

058 & O s

11: % Create the coefficient matrix of the new deflated
nonlinear eigenvalue problem
12: Set

~

B(w) = wB(w) + (A — w?’B(w)) X D(w)X*,

where D(w) = diag ((w — )L (w— ud)_l);
13: end for 57



Jacobi-Davidson
method for solving
K(w,)u=Au




Rewrite
AX=wB(w)x = o *Ax=B(w)x
For a given w,, consider GEP
Pl )AX = é(wk)x

To find an eigenvalue o, of Ax = wB(w)X is
eguivalent to determine a root of the nonlinear
eguation

Bl@)-w™" =0

Newton’s method

O =0~ (B (@) +0?) (Bl@)- ;)
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® Rewrite
AX=wB(w)x = o *Ax=B(w)x

® For a given o, , consider GEP
p(w, )AX = (wk)x

¢ To find an eigenvalue o, of Ax=wB(w)x is
eguivalent to determine a root of the nonlinear
eguation
Bl@)-w™" =0

® Newton’s method

0. =0, ~(B (@) +07) (B@,)- ;')
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Newton-type method for Ax = wB(w)x

1: Setk = 0.
2: repeat

3:  Compute the eigenvalue 5, ! with the smallest positive real part and
the associated eigenvector u;, of

B7'u = K(wg)u = (AY2Q*B(wy) QAY?)u (1)

4:  Compute the left eigenvector v, of (1) corresponding to f;
5.  Compute 5'(wk) by

B’ (wk) = BeviA2Q* B(wk) T B(wk) B(wi) QA uy;

6: Compute w1 by

w1 = w — (B (wk) + wk_2)_1 (B —wi');

7: Setk=k+1;

8: until |wy — wg_1| < tol.

9: Set Ud = Wk, N
10: Compute the eigenvector x4 = B(wg) 1QAY/ ?uy. -



Newton-type method for Ax = wB(w)x

1: Set k£ = 0.

2: repeat

3:  Compute the eigenvalue 5, ! with the smallest positive real part and
the associated eigenvector u,, of

Solve it by -
‘5“1“=K<wk>u5<A”2Q*B<wk>-1cz~/2>u 0

4:  Compute the left eigenvector v, of (1) corresponding to fy;
5.  Compute 5'(wk) by

B’ (wk) = BeviA2Q* B(wk) T B(wk) B(wi) QA uy;

6: Compute w1 by

w1 = w — (B (wk) + wk_2)_1 (B —wi');

7: Setk=k+1;

8: until |wy — wg_1| < tol.

9: Set Ud = Wk, N
10: Compute the eigenvector x4 = B(wg) 1QAY/ ?uy. -



Dispersive Maxwell
equations

Nonlinear eigenvalue
problems

Newton-type Methods for
Solving

Numerical results




Computing derivative
B ()




- Nonlinear Arnoldi method (NAr)

® For a given search subspace V, let (a"),i) be an eigenpair

of
V' (A—w°B(w))Vz=0
and let x =Vz be the associated Ritz vector

® The new search direction v Is chosen as
v=(A-0?B(0)) [(A-@*B(@)X |=(A-0B(0)) T

where o Is a given shift value

® After re-orthogonalizing v against V, the vector Is 3
appended to V and one repeats this process until (@,x)
converges to the desired eigenpair.
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Preconditioner of Solving Linear Systems

® Solve linear system
(A— O'ZB(G))V =r

® Since B(o) is diagonal, we employ a preconditioner
M=A-c’c | =C'C—1l

where o, is the average of the diagonal elements of B(c)

® Apply the left-preconditioning M ™ to equation and obtain
the system

[| +52|\/|‘1((xal — B(a))]v =M

® No need to compute a matrix-vector multiplication with A
64



Well-separated
eigenvalues




1st, 2nd eigenvalues for Drude model

K(o)u=2u

K@) K@P) .
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1st, 2nd eigenvalues for Drude model

K(o)u=2u
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Average iterations of bicgstabl and total iteration
of JD
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Average iterations of bicgstabl and total iteration
of JD
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Convergence of Newton-type method

Eigenvalue

0)2

- e(w)=1- P
(@) a)2+|Fpa)

X U L G X W K
The six smallest real part nonzero
eigenvalues are denoted by (red) x

K(w)u = Au, fork=1,...,m
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Only 3 to 7 iterations are needed for
computing each eigenvalue
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Convergence of Newton-type method
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® The average ranges from 3.6 to0 5.2

u ”& ® Only 3to 7 iterations are needed for
{ for all benchmark problems.

® Quadratic convergence of Newton-
type method 68
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Nonlinear Arnoldi
method



- Alternative Newton-type method

1: Set kK = 0.

2: repeat

3:  while ( ||ry|| > 7 ) do

4: Compute the eigenvalue 3, 1 with the smallest positive real part, the associ-

ated eigenvector uy of
f7u= (A2Q"B(wr) ' QAY?)u (3.12)

and the corresponding residual vector ry by JD or SIRA method with maxi-
mal iteration number m and the stopping tolerance 7x;

5: % If ||ry|| is not small enough, then switch to solve Az = w?B(w)z approxi-
mately (i.e., check eigenvalues to be clustered or not).

6: if (||rn|| > 7%) then

7: Use nonlinear Arnoldi method with suitable stopping tolerance 7, to com-

pute the approximate eigenvalue/eigenvector pair (wq,Xq) of the NLEVP
(2.4), where w, is the closest eigenvalue to o.
8: Set wx = w,. % Use wy, as the new initial value to re-solve 8~ u = K (wg)u.
end if
10: end while
11:  Compute the left eigenvector vy of (3.12) corresponding to B;
12:  Compute B’ (wg) via

©

B (wg) = ﬂgv,’;AlmQ*é(wk)_1§(wk)'§(wk)_1QA1/2uk;
13:  Compute wg41 by

Wkt+1 = Wk — (ﬂ’(wk) +w;2)—1 (,Bk — w;l) ;

14: Set k = k+ 1 and determine stopping tolerance 7x;
15: until |wx — wg—1| < tol. 70
16: Set y1q = wy, and compute the eigenvector x4 = B(wy) QA ?uy.



- Summary of JD and preconditioner

M= le{ | +U(0)(¥(@)-V(0,) QU (wk>)lv<wk>*szk1}

® M, Is an efficient preconditioner for solving the
correction eguation

(1—uu’)(K(@®)-6on(1 —uu)t=-r, tLu

® Since the accuracy of solving correction Eg. can
achieve to 1.0e-3, only few iterations of JD are
needed to solve

K(@®)u=(A"Q B(o{®) QA" )u=Au
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